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Abstract
Let X ⊂ PN
Q
be a subvariety of dimension n, and Hnorm(X; ·) the normalized arith-
metic Hilbert function of X introduced by Philippon and Sombra. We show that this
function admits the following asymptotic expansion
Hnorm(X;D) =
ĥ(X)
(n+ 1)!
D
n+1 + o(Dn+1) ∀D ≫ 1,
where ĥ(X) is the normalized height of X. This gives a positive answer to a question
raised by Philippon and Sombra.
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1 Introduction
In [5], Philippon and Sombra introduce an arithmetic Hilbert function defined for any sub-
variety in PN , the projective space of dimension N over Q. This function measures the
binary complexity of the subvariety. In the case of toric subvarieties, a result of Philippon
and Sombra shows that the asymptotic behaviour of the associated normalized arithmetic
Hilbert function is related to the normalized height of the subvariety considered, see [5,
Proposition 0.4]. This result is an important step toward the proof of the main theorem
of [5], that is an explicit formula for the normalized height of projective translated toric
varieties, see [5, Théorème 0.1].
In [5, Question 2.2], the authors ask if the normalized arithmetic Hilbert function admits
an asymptotic expansion similar to the toric case. More precisely, given X a subvariety of
dimension n in PN the projective space of dimension N over Q, can we find a real c(X) ≥ 0
such that
Hnorm(X ;D) =
c(X)
(n+ 1)!
Dn+1 + o(Dn+1)?
If this is the case, do we have c(X) = ĥ(X)? where ĥ(X) is the normalized height of X .
In this article, we give an affirmative answer to this question. We prove the following
theorem
Theorem 1.1. [Theorem (2.5)] Let X ⊂ PN be a subvariety of dimension n in PN . Then
the normalized arithmetic Hilbert function associated to X admits the following asymptotic
expansion
Hnorm(X ;D) =
ĥ(X)
(n+ 1)!
Dn+1 + o(Dn+1), ∀D ≫ 1.
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The notion of normalized height plays an important role in the diophantine approxima-
tion on tori, in particular in Bogomolov’s and generalized Lehmer’s problems, see [3], [2]. A
result of Zhang shows that a subvariety X with a vanishing normalized height is necessarily
a union of toric subvarieties, see [8].
Gillet and Soulé proved an arithmetic Hilbert-Samuel formula as a consequence of the
arithmetic Riemann-Roch theorem, see [4]. Roughly speaking, this formula describes the
asymptotic behaviour of the arithmetic degree of a hermitian module defined by the global
sections of the tensorial power of a positive hermitian line bundle on an arithmetic variety.
Moreover, the leading term is given by the arithmetic degree of the hermitian line bundle.
Later Abbès and Bouche gave a new proof for this result without using the arithmetic
Riemann-Roch theorem, see [1]. Randriambololona extends the result Gillet and Soulé to
the case of coherent sheaf provided as a subquotient of a metrized vector bundle on an
arithmetic variety, see [7].
1.1 Notations
Let Q be the field of rational numbers, Z the ring of integers, K a number field and OK
its ring of integers. For N and D two integers in N we set NN+1D := {a ∈ N
N+1| a0 +
· · · + aN = D}. C[x0, . . . , xN ]D (resp. K[x0, . . . , xN ]D) denotes the complex vector space
(resp. K-vector space) of homogeneous polynomials of degree D in C[x0, . . . , xN ] (resp. in
K[x0, . . . , xN ]).
For any prime number p we denote by | · |p the p-adic absolute value on Q such that
|p|p = p
−1 and by | · |∞ or simply | · | the standard absolute value. Let MQ be the set of these
absolute values. We denote by MK the set of absolute values of K extending the absolute
values of MQ, and by M
∞
K the subset in MK of archimedean absolute values.
We denote by PN the projective space over Q of dimension N . A variety is assumed
reduced and irreducible.
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2 The proof of Theorem (1.1)
We keep the same notations as in [5]. Let ω be the Fubini-Study form on PN(C). For any
k ∈ N≥1 ∪ {∞}, we denote by hk the hermitian metric on O(1) given as follows
hk(·, ·) =
| · |2
(|x0|2k + · · ·+ |xN |2k)
1
2k
, ∀k ∈ N≥1 and h∞(·, ·) =
| · |2
max(|x0|, . . . , |xN |)2
,
and we let O(1)k := (O(1), hk) and ωk := c1(O(1), hk) for any k ∈ N ∪ {∞}. Note that
ωk =
1
k
[k]∗ω, where [k] : PN(C) → PN (C), [x0 : . . . : xN ] 7→ [x
k
0 : . . . : x
k
N ]. Observe that
the sequence (ωk)k∈N≥1 converges weakly to the current ω∞. We consider the following
normalized volume form
Ωk := ω
∧N
k ∀k ∈ N≥1 ∪ {∞}.
2
For any k ∈ N≥1∪{∞}, the metric ofO(1)k andΩk define a scalar product C[x0, . . . , xN ]D
denoted by 〈·, ·〉k given as follows
〈f, g〉k :=
∫
PN (C)
h⊗Dk (f, g)Ωk, (1)
for any f =
∑
a fax
a, g =
∑
a gax
a in C[x0, . . . , xN ]D with fa, ga ∈ C. We denote by ‖ · ‖k
the associated norm for any k ∈ N≥1 ∪ {∞}. Note that, 〈f, g〉∞ =
∑
a faga and ‖x
a‖∞ = 1
for any a ∈ NN+1D and D ∈ N.
Let X ⊂ PN be a subvariety defined over a number field K. Let v ∈M∞K and σv : K → C
the corresponding embedding. For any p1, . . . , pl ∈ K[x0, . . . , xN ]D we set
‖p1 ∧ · · · ∧ pl‖k,v := ‖σv(p1) ∧ · · · ∧ σv(pl)‖k ∀k ∈ N ∪ {∞}.
Let O(D) := O(1)⊗D. We set M := Γ(Σ,O(D)|Σ) the OK-module of global sec-
tions of O(D)|Σ , where Σ is the Zariski closure of X in P
N
OK
. For any v ∈ M∞K , we set
Γ(Σ,O(D)|Σ)σv := Γ(Σ,O(D)|Σ)⊗σv C. We consider the following restriction map
pi : Γ(PNOK ,O(D))σv → Γ(Σ,O(D)|Σ)σv → 0.
The space Γ(PNOK ,O(D))σv is identified canonically to Kσ[x0, . . . , xN ]D. For any k ∈ N≥1 ∪
{∞}, this space can be endowed by the scalar product induced by Ωk and hk, denoted by
〈·, ·〉k,v:
〈f, g〉k,v = 〈σv(f), σv(g)〉k,
for any f, g ∈ Γ(PNOK ,O(D))σv . Since O(1) is ample, then there exists D0 ∈ N such that for
any D ≥ D0, the restriction map is surjective. Let D ≥ D0, for any k ∈ N∪{∞}, we denote
by ‖ · ‖k,v,quot the quotient norm induced by pi and ‖ · ‖k,v. Following [5, p.348], we endow
Γ(Σ,O(D)|Σ)σv with ‖ · ‖k,v,quot, for any k ∈ N≥1 ∪ {∞}. By this construction, M can be
equipped with a structure of a hermitian OK-module, denoted by Mk. If f1, . . . , fs ∈M , is
a K-basis for M ⊗OK K, then
d̂eg(Mk) = d̂eg(Γ(Σ,O(D)|Σ)k) :=
1
[K : Q]
(
logCard
( s∧
M/(f1∧· · ·∧fs)
)
−
∑
v:K→C
log ‖f1∧· · · fs‖k,v
)
.
2.1 The normalized arithmetic Hilbert function
Let X ⊂ PN be a subvariety defined over a number field K and I := I(X) ⊂ K[x0, . . . , xN ]
its ideal of definition. We set
Hgeom(X ;D) := dimK
(
K[x0, . . . , xN ]/I
)
D
=
(
D +N
N
)
− dimK(ID).
This function Hgeom(X ; ·) is known as the classical geometric Hilbert function. In [5], Philip-
pon and Sombra introduce an arithmetic analogue of this function. Let m := Hgeom(X ;D),
l := dimK(ID) and
l∧
K[x0, . . . , xN ]D,
the l-th exterior power product of K[x0, . . . , xN ]D. For f ∈
∧l
K[x0, . . . , xN ]D and v ∈MK
we denote by |f |v the sup-norm of the coefficients of f at the place v, with respect to the
standard basis of
∧l
K[x0, . . . , xN ]D.
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Definition 2.1. ([5, Définition 2.1]) Let p1, . . . , pl be a K-basis of ID, we set
Hnorm(X ;D) =
∑
v∈MK
[Kv : Qv]
[K : Q]
log |p1 ∧ · · · ∧ pm|v.
By the product formula, this definition does not depend on the choice of the basis, also
it is invariant by finite extensions of K. Hnorm(X ; ·) is called the normalized arithmetic
Hilbert function of X .
Following Philippon and Sombra, this arithmetic Hilbert function measures, for any D ∈
N, the binary complexity of theK-vector space of forms of degreeD inK[x0, . . . , xN ]modulo
I. As pointed out by Philippon and Sombra, when X is a toric variety, the asymptotic
behaviour of its associated normalized arithmetic Hilbert function is related to ĥ(X), the
normalized height of X , see [5, Proposition 0.4]. The authors ask the following question:
Given X a subvariety in PN of dimension n, can we find a real c(X) ≥ 0 such that
Hnorm(X ;D) =
c(X)
(n+ 1)!
Dn+1 + o(Dn+1)?
If this is the case, do we have c(X) = ĥ(X)?
We recall the following proposition, which gives a dual formulation for Hnorm,
Proposition 2.2. Let q1, . . . , qm ∈ K[x0, . . . , xN ]
∨
D be a K-basis of Ann(ID), then
Hnorm(X ;D) =
∑
v∈MK
[Kv : Qv]
[K : Q]
log |q1 ∧ · · · ∧ qm|v.
Proof. See [5, Proposition 2.3].
For any k ∈ N≥1 ∪ {∞}, we consider the following arithmetic function,
Harith(X ;D, k) :=
∑
v∈M∞
K
[Kv : Qv]
[K : Q]
log ‖p1 ∧ · · · ∧ pl‖k,v
+
∑
v∈MK\M∞K
[Kv : Qv]
[K : Q]
log |p1 ∧ · · · ∧ pl|v +
1
2
log(γ(N,D, k)),
(2)
where p1, . . . , pl is a K-basis of ID and
γ(N ;D, k) :=
∏
a∈NN+1
D
〈a, a〉−1k . (3)
Notice that for k = 1, Harith(X ; ·, 1) corresponds, up to a constant, to the arithmetic func-
tion Harith(X ; ·) considered in [5, p. 346].
Similarly to Hnorm, the function Harith admits a dual formulation. The scalar product
〈·, ·〉k induces the following linear isomorphism
ηk : C[x0, . . . , xN ]→ C[x0, . . . , xN ]
∨, f 7→ 〈·, f〉k.
Thus C[x0, . . . , xN ]
∨ can be endowed with the dual scalar product, given as follows
〈ηk(f), ηk(g)〉k := 〈f, g〉k, ∀f, g ∈ C[x0, . . . , xN ]D.
4
We can check easily that, for any k ∈ N ∪ {∞} we have ‖θ‖′k := supg∈C[x0,...,xN ]\{0}
|θ(g)|
‖g‖k
=
‖f‖k where f ∈ C[x0, . . . , xN ] is such that θ = ηk(f). Then, ‖θ‖
′
k
2
= 〈θ, θ〉k for any
θ ∈ C[x0, . . . , xN ]
∨. It follows that,
〈θ, ζ〉k =
∑
b
〈xb, xb〉−1k θbζb. (4)
This product extends to ∧m
(
C[x0, . . . , xN ]
∨
D
)
as follows
〈θ1 ∧ · · · ∧ θm, ζ1 ∧ · · · ∧ ζm〉k := det(〈θi, ζj〉k)1≤i,j≤m.
Proposition 2.3. Let q1, . . . , qm ∈ K[x0, . . . , xN ]
∨
D be a K-basis of Ann(ID), then
Harith(X ;D, k) =
∑
v∈M∞K
[Kv : Qv]
[K : Q]
log ‖q1 ∧ · · · ∧ qm‖
∨
k,v
+
∑
v∈MK\M∞K
[Kv : Qv]
[K : Q]
log |q1 ∧ · · · ∧ qm|v.
Proof. The proof is similar to [5, Proposition 2.5].
Lemma 2.4. There exists D1 such that for any D ≥ D1 and any k ∈ N, we have
Harith(X ;D, k) = d̂eg(Γ(Σ,O(D)|Σ)k)−
1
2
Hgeom(X ;D) log
(
D +N
N
)
.
Proof. The proof is similar to [5, lemme 2.6]. Let I be the ideal sheaf of Σ and Γ(PnOK , IO(D))
the OK-module of global sections of IO(D), endowed with the scalar products induced by
the scalar product 〈·, ·〉k. We claim that there exists D1 an integer which does not depend
on k such that for any D ≥ D1, we have
d̂eg(Γ(Σ,O(D)|Σ)k) = d̂eg(Γ(P
N
OK
,O(D))
k
)− d̂eg(Γ(PNOK , IO(D))k).
Indeed,we can find D1 ∈ N such that ∀D ≥ D1, the following sequence is exact
0→ Γ(PNOK , IO(D)|Σ)→ Γ(P
N
OK ,O(D))→ Γ(Σ,O(D)|Σ)→ 0,
and then by [6, lemme 2.3.6], the following sequence of hermitian OK-modules is exact
0→ Γ(PNOK , IO(D)|Σ)k → Γ(P
N
OK
,O(D))
k
→ Γ(Σ,O(D)|Σ)k → 0,
where the metrics of Γ(PNOK , IO(D)|Σ)k and Γ(Σ,O(D)|Σ)k are induced by the metric of
Γ(PNOK ,O(D))k.
We have
d̂eg(Γ(PNOK ,O(D))k) =
1
2
log(γ(N ;D, k)) +
1
2
(
D +N
N
)
log
(
N +D
N
)
. (5)
As in the proof of [5, Lemme 2.6], and keeping the same notations we have,
d̂eg(Γ(Σ,O(D)|Σ)k) =
1
2
log(γ(N ;D, k)) +
1
2
Hgeom(X ;D) log
(
N +D
N
)
+
∑
v∈M∞K
[Kv : Qv]
[K : Q]
log ‖p1 ∧ · · · ∧ pl‖
∨
k,v −
1
[K : Q]
logCard
( l∧
(IOK )/(p1 ∧ · · · ∧ pl)
)
.
(6)
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The last term in (6) does not depend on the metric. It is computed in [5, p. 349]; we have
1
[K : Q]
logCard
( l∧
(IOK )/(p1 ∧ · · · ∧ pl)
)
= −
∑
v∈MK\M∞K
[Kv : Qv]
[K : Q]
log |p1 ∧ · · · ∧ pl|v.
This ends the proof of the lemma.
By [7, Théorème A], we have
d̂eg(Γ(Σ,O(D)|Σ )k) =
hO(1)k
(X)
(n+ 1)!
Dn+1 + o(Dn+1) ∀D ≫ 1, (7)
where hO(1)k
(X) denotes the height of the Zariski closure ofX in PNOK with respect to O(1)k.
Since 12Hgeom(X ;D) log
(
D+N
N
)
= o(Dn+1) for D ≫ 1. Then, by Lemma (2.4), we get
Harith(X ;D, k) =
hO(1)k
(X)
(n+ 1)!
Dn+1 + o(Dn+1) ∀D ≫ 1. (8)
Let q1, . . . , qm ∈ K[x0, . . . , xN ]
∨ be a K-basis of Ann(ID). For any finite subset M in
NN+1D of cardinal m, we set qM := (qjb)1≤j≤m,b∈M ∈ K
m×m where the qjb are such that
qj =
∑
b∈NN+1
D
qjb(x
b)∨. For any v ∈M∞K , we have
|q1 ∧ · · · ∧ qm|v = max{| det(qM )|v : M ⊂ N
N+1
D ,Card(M) = m}
≤
( ∑
M ;Card(M)=m
(∏
b∈M
〈b, b〉−1v,k
)
| det(qM )|
2
v
) 1
2
,
(9)
(We use the following inequality: 〈xa, xa〉k =
∫
PN (C)
hO(D)k
(xa, xa)Ωk ≤ 1 for any a ∈ N
N+1
D ,
which follows from hO(D)k
(xa, xa) ≤ hO(D)∞
(xa, xa) ≤ 1 on PN(C), and the fact that Ωk is
positive on Pn(C) and
∫
PN (C) Ωk = 1).
Then,
|q1 ∧ · · · ∧ qm|v ≤ ‖q1 ∧ · · · ∧ qm‖
∨
k,v ∀k ∈ N. (10)
By Propositions (2.2) and (2.3) we get,
Hnorm(X ;D) ≤ Harith(X ;D, k) ∀k ∈ N. (11)
By (8), the previous inequality gives
lim sup
D→∞
(n+ 1)!
Dn+1
Hnorm(X ;D) ≤ hO(1)k
(X) ∀k ∈ N. (12)
We know that (hk)k∈N converges uniformly to h∞ on P
N (C). Let 0 < ε < 1, which will
be fixed in the sequel, then there exists k0 ∈ N such that for for any k ≥ k0, we have
(1− ε)2D ≤
(max(|x0|v, . . . , |xN |v))
2D
(|x0|2kv + · · ·+ |xN |
2k
v )
D
k
≤ (1 + ε)2D ∀x ∈ PN (C), ∀D ∈ N.
Thus, for any k ≥ k0, D ∈ N≥1 and a ∈ N
N+1
D we get
〈xa, xa〉k ≥ (1− ε)
2D
∫
PN (C)
h⊗D∞ (x
a, xa)ωNk . (13)
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We have∫
PN (C)
h⊗D∞ (x
a, xa)ωNk =
∫
CN
|z2a|
max(1, |z1|, . . . , |zN |)2D
kN
∏N
i=1 |zi|
2(k−1)
∏N
i=1 dzi ∧ dzi
(1 +
∑N
i=1 |z
2k
i |)
N+1
= 2N
∫
(R+)N
kNra+k−1
max(1, r1, . . . , rN )2D
∏N
i=1 dri
(1 +
∑N
i=1 r
k
i )
N+1
= 2N
∫
(R+)N
r
a
k
maxi(1, r1, . . . , rN )
D
k
∏N
i=1 dri
(1 +
∑N
i=1 r
k
i )
N+1
= 2N
N∑
j=0
∫
Ej
r
a
k
maxi(1, r1, . . . , rN )
D
k
∏N
i=1 dri
(1 +
∑N
i=1 ri)
N+1
,
where Ej := {x ∈ (R
+)N |xj ≥ 1, xl ≤ xj for l = 1, . . . , N} for j = 1, . . . , N and E := {x ∈
(R+)N |xl ≤ 1, for l = 1, . . . , N}. Using the following application
(R∗+)N → (R∗+)N , x = (x1, . . . , xN ) 7→ (
x1
xj
, . . . ,
xj−1
xj
,
1
xj
, . . . ,
xn
xj
)
for j = 1, . . . , N , we can show that there exists b(j) = (b
(j)
1 , . . . , b
(j)
N ) ∈ N
N such that∫
Ej
r
a
k
maxi(1, r1, . . . , rN )
D
k
∏N
i=1 dri
(1 +
∑N
i=1 ri)
N+1
=
∫
E
r
b(j)
k
∏N
i=1 dri
(1 +
∑N
i=1 ri)
N+1
(14)
We set b(0) := a. Then,∫
PN (C)
hD∞(x
a, xa)ωNk = 2
N
N∑
j=0
∫
E
r
b(j)
k
∏N
i=1 dri
(1 +
∑N
i=1 ri)
N+1
(15)
Let 0 < δ < 1, and set Eδ := {x ∈ E|xl ≥ δ for l = 1, . . . , N}. From (13) and (15), we
obtain
〈xa, xa〉k ≥ (1− ε)
2D2N
N∑
j=0
∫
Eδ
r
b(j)
k
∏N
i=1 dri
(1 +
∑N
i=1 ri)
N+1
≥ (1− ε)2D2N (N + 1)δ
D
k µδ,
where µδ :=
∫
Eδ
∏N
i=1 dri
(1+
∑
N
i=1 ri)
N+1 .
Thus,
〈xa, xa〉−1k ≤ (1− ε)
−2Dδ−
D
k µδ
−1 ∀k ≥ k0, ∀D ∈ N≥1, ∀a ∈ N
N+1
D . (16)
Then, for any k ≥ k0 and D ≥ D1,
‖q1 ∧ · · · ∧ qm‖
∨
k,v ≤
( ∑
M ;Card(M)=m
(∏
b∈M
〈b, b〉−1v,k
)) 12
|q1 ∧ · · · ∧ qm|v
≤ Card{M ⊂ NN+1D |Card(M) = m}
1
2 (1− ε)−mDδ−m
D
k µ−mδ |q1 ∧ · · · ∧ qm|v by (16)
≤ Card(NN+1D )(1− ε)
−mDδ−m
D
k µ−mδ |q1 ∧ · · · ∧ qm|v
=
(
N +D
N
) 1
2
(1− ε)−mDδ−m
D
k µ−mδ |q1 ∧ · · · ∧ qm|v.
(17)
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Therefore,
Harith(X ;D, k) ≤Hnorm(X ;D) +
1
2
log
(
N +D
N
)
−DHgeom(X ;D) log(1− ε)
−
DHgeom(X ;D)
k
log δ −Hgeom(X ;D) logµδ.
(18)
By (8), we obtain that
hO(1)k
(X) ≤ lim inf
D→∞
(n+ 1)!
Dn+1
Hnorm(X ;D) +O(ε) +
log δ
k
O(1), ∀k ≥ k0. (19)
Gathering (12) and (19), we conclude that for any 0 < ε < 1, there exists k0 ∈ N such
that
lim sup
D→∞
(n+ 1)!
Dn+1
Hnorm(X ;D) ≤ hO(1)k
(X) ≤ lim inf
D→∞
(n+ 1)!
Dn+1
Hnorm(X ;D)+O(ε)+
log δ
k
O(1), ∀k ≥ k0.
(20)
Since limk→∞ hO(1)k
(X) = hO(1)∞
(X) (see for instance [9]) and hO(1)∞
(X) = ĥ(X) (see
[5, p. 342]) we get
lim inf
D→∞
(n+ 1)!
Dn+1
Hnorm(X ;D) = lim sup
D→∞
(n+ 1)!
Dn+1
Hnorm(X ;D) = ĥ(X). (21)
Thus we proved the following theorem
Theorem 2.5. Let X ⊂ PN be a subvariety of dimension n in PN . Then the normalized
arithmetic Hilbert function associated to X admits the following asymptotic expansion
Hnorm(X ;D) =
ĥ(X)
(n+ 1)!
Dn+1 + o(Dn+1) D ≫ 1.
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